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I. INTRODUCTION 
Recently there have been various attempts to generalize the constitutive 
equations in continuum mechanics. In this wealth of literature giving stress- 
deformation relations, hypoelasticity [l] is a major development. By regarding 
the rate of stress to be the most general function of strain-velocity tensor 
under the assumption only of isotropy, the stress-strain relations achieve 
a number of new results, viz., possibility of accounting for arbitrary initial 
stresses without inquiring into the “natural” unstressed state, enabling 
a smooth transition from elastic to plastic state etc. It also offers a new 
theory of finite elasticity and goes over to the classical linear theory on the 
assumption of “small” stresses and strains. It also describes a variety of new 
behaviours of materials. 
The generality of the relations makes them less tractable. Two recent 
books [2, 3) present the theory and a number of new results obtained thus 
far are discussed therein. By truncating and specifying the terms in the con- 
stitutive equations the author [l] of the theory has noted a number of 
relations obtainable from them to describe different types of materials. 
In recent times a number of papers have appeared obtaining general 
results in the wave propagation in media based on nonlinear theories of 
deformation [4, 51. One amongst these discusses the waves in hypoelastic 
media [4].l The results there are of a more general nature; the constitutive 
equations are assumed in the most general form. A condition for the existence 
of three real wave-speeds may be said to be the main result of this paper. 
We study here the phenomena of wave propagation in a medium of a 
more restricted type-a hypoelastic body of grade two. The notion of the 
rate of stress is basic in the derivation of these constitutive equations. A certain 
amount of arbitrariness is allowed in its definition requiring the “principle 
1 The author is indebted to Prof. C. Truesdell for drawing his attention to this 
work. 
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of objectivity” or the “invariance under arbitrary rigid rotations.” Amongst 
the various definitions we use the one given by Jaumann-Noll-Thomas. 
It is necessary to note, however, that the difference in adopting various defini- 
tions does not affect the results of our paper, the differences between these 
being accounted for by the unknows in the constitutive equations. 
A study of wave propagation in such a nonlinear problem is easily done 
by the use of the theory of singular surfaces [6, 71. Our study gives, two 
main results: (i) In an arbitrarily stressed medium, the waves do not separate 
into dilational and shear waves, except in the case of initial purely hydro- 
static stress; there do exist three velocities under certain conditions, but 
each wave front is associated with both divergence and vorticity. (ii) If a 
wave is propagating into an unstressed medium at rest, it may terminate into 
a shock or be damped out, depending on the values of the material constants, 
without regard to its being a compressive or a rarefaction wave; the growth 
of a shear wave is identical with that in linear isotropic elasticity. The growth 
of a rarefaction wave into a shock, as known from gas dynamics, is usually 
excluded. But this condition that a shock must be compressive follows from 
the “entropy condition” there. So in this case also thermodynamic or other 
such considerations only can decide the point. 
II. BASIC EQUATIONS 
We take the basic equations as follows: 
g + P”i.i + p,$Vi = 0, 
h = P at (3 + VjV,,,j, 
” at, 
tb’ = at + tij,kvk + h&w&j - tk#w, 
W, = 8tvi.j - vj.i), 4, = g(w<;, + w~,J, 
(2-l) 
(22) 
(2.3) 
(2.3a) 
(2.3b) 
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1 
a4 = 84 + - Y4A 
2cL 
(2.3~) 
c+,, %, (Y,, C+ and h, 12, /3’s, y’s, E’S being constants, I, II, III being the inva- 
riants of the stress-tensor, and 
M = h,&, N = tk&, dmk. (2.3d) 
Here (2.1) is the equation of continuity, (2.2) are the equations of motion, 
(2.3) are the constitutive equations describing a hypoelastic body of grade 
two, h, t.~ are constants of the dimensions of stress, and the other constants 
are dimensionless. The eleven coefficients in the definition of the most 
general hypoelastic body are functions of the invariants of the stress tensor. 
The requirement that the relations contain terms in stresses up to 
quadratic, defines a hypoelastic body of grade two. We have used cartesian- 
tensor notation and so a comma denotes partial differentiation if it precedes 
a Latin index. Latin letters i, j, k, 1, m, p run over 1, 2, 3 when used as indices 
for coordinates (x1, x2, xs). 
III. TYPES AND VELOCITIES OF WAVES 
Consider a singular surface x (t) across which the stresses (tij), the veloci- 
ties (vi) and the density (p) are continuous while their first derivatives may be 
discontinuous. This is called a “second order wave” [4]. Let (u”) (a = 1,2) 
denote surface coordinates on x (t) and gus = (axi 1 au”) (ax, ( auq = X&X$ 
be the surface metric. Since (ZP) may not be Cartesian, in general, we distin- 
guish between covariant and contravariant surface tensors and a comma 
preceeding a Greek index denotes covariant differentiation. Let G denote 
the velocity of E (t) normal to itself and (ni) the unit normal to it. A square 
bracket denotes the jump in the quantity across x(t); we introduce the 
following notations: 
[tij.kl nk = (ii, [~i.il % = 77i3 [P,il % = 57 
-q = 7pi, 2) = o,n,. 
(3.1) 
(3.1 ,a) 
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Using the first-order compatibility conditions [6, 71 we now get 
(v - G) 5 + PI = 0, (3.2) 
p(v - G) vi = tips, (3.3) 
(v - G) Eij = aij, (3.4) 
where (a& (tij), (p) refer to quantities ahead of x(t), except in (2.1)-(2.3) 
and aij is given by 
aij = *(7pk - vkni) tkj - 8 hknj - qjnk) hk 
+ %+ii + %(W? + wi) + W&j + %AitkZrlkrlZ 
+ $% {hnk + Tk%) tkj f hknj + yj’k) hk) + (1/2p) a5@iZtZ5 
+ (1/2p) %$ijtkZ~knZ + (1/4p) %6ijtkZtZm(~knm f %nnk) 
+ U/G) %3 {(Tink + rlkni) tkZtZj + hznj + rljn,) hktkZb (3.W 
Using (3.4) in (3.3) on the assumption Eij + 0, we get 
P(V - G)’ qi = aijnj. (3.5) 
We note that (aij) depend on (Q) linearly. So (3.5) can be regarded as three 
homogeneous equations for (Q); since vi + 0, for then the assumed type 
of singular surface does not exist, this system has nontrivial solutions. So the 
determinant of the coefficients of (Q) must vanish. Equating to zero this 
determinant, we obtain the equation for the velocities of propagation. In 
order to clarify the physical significance of such an equation, we use the 
following resolution of tensors. We note that any tensor as (fi) or (ti5), when 
referred to coordinates (n, ui, ~9) can be resolved as 
fi = fni + f%,, f = .fini,for = fixia,P = P!ffl, 
tij = tji = tninj + t”(n,xj, + ?ZjXiJ + tupXBXiaXifi, 
t = t .n .n. t = tiixianj = tiixiani, t,fl = tijXiaXjp* 03 E 3, CL 
(3.6a) 
(3.6b) 
We multiply (3.5) by (ni) and (xi,) successively and use the resolution (3.6) 
for all the quantities. We obtain 
P(V - (3% = Arl + BdLlla, 
P(V - W vr = Cvy + +I + E”,rl 
(3.7a) 
(3.7b) 
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where 
Thus instead of three equations (3.5) for (vi) we have here three equations 
(3.7) for (7, rlI, r12). We now relate these latter to physically significant 
variables. Firstly we note that 
7 = qini = [ZJJ = [div G]. 
Thus (7) denotes the discontinuity in the divergence and its vanishing 
implies, by (3.2), the continuity of density. For a compressive wave it is 
negative and for a rarefaction wave it is positive. 
Let now vorticity be given as (WJ. Resolve it as Wi = Wni + W”xi,. 
Then we have [ WJ = eiik [vk,J = eijkTknj. So [W] = [ Wini] = eijk71knjni = 0. 
Thus the normal component of the jump in vorticity is always zero. This 
result is purely kinematical, true for such a discontinuity. Again the tangen- 
tial components are given by 
So the tangential components of the jump in vorticity across x (t) are linear 
functions of (7,). Hence (Q) are linear in the jumps in the components of 
vorticity. So their vanishing implies the continuity of vorticity. 
Thus 7 = 0, rla * 0, denote an equivoluminal, rotational, or shear wave 
accompanied by continuous density and divergence of velocity but nonzero 
vorticity. 
Similarly 7a = 0, 7 + 0, represent a vorticity-free or irrotational dilata- 
tional wave with vorticity continuous across it while divergence and density 
gradient are discontinuous. 
Classical inear isotropic elasticity gives three wave fronts, one longitudinal 
wave across which vorticity is zero and two shear waves with identical 
velocities across which the divergence is zero. These separate. 
62 NARIBOLI 
From (3.7) we now see that the waves do not, in general separate into these 
two types. Vanishing of the determinant of the coefficients of (7, 7i, 7.J in 
(3.7) gives again the three velocities. This equation is a cubic in s = G - Y.J = 
velocity of propagation. If the discriminant of this cubic is negative then only 
all the roots in “s” are real. But, as noted, such a condition is already known 
[4] for the more general medium. Even when they are all real, they do not 
separate; across the front corresponding to each root, both divergence and 
vorticity have nonzero jumps. Such a separation is possible only if P = 0. 
These are the tangential components of the stress tensor across x(t). Since 
the wave surface may be arbitrarily orientated, the vanishing of ta identically 
is possible only if the stress ahead is purely hydrostatic. When this condition 
is satisfied, the velocities are s2 = sr2 = (A 1 p) for 7 * 0, rlcc = 0; s2 = s$ = 
(C 1 p) for 7 = 0, rlar + 0. The dilatational wave corresponding to (sr) then 
propagates without generating vorticity and the shear waves, corresponding 
to (~~,a), propagate without generating divergence. 
We may note that all of fij = 0 or 7$ = 0 imply each other by (3.3) and 
(3.4), for ZI + G. So for a propagating singular surface, which is the object 
of our present study, such a condition does not hold. 
Lastly, digressing slightly from the main study, we note the case of a 
nonpropagating singular surface given by w = G. This is similar to the 
stream surface in fluid mechanics. The divergence, by (3.2), must then be 
zero giving 7 = 0, 7i = 7%ria, while the gradient in the density is arbitrary. 
We also have, by (3.3), fii nf = 0. We note that this is the discontinuity in 
the divergence of the stress tensor. So by taking an infinitesimal volume 
containing the singular surface and shrinking to coincidence with it in the 
limit [6], this condition can be proved to be equivalent to [t&z-~ = 0. This 
means that the force across the surface is continuous. In view of the possibility 
of failure under shear, this case deserves closer study, though we are not 
proceeding with this in the present study. Lastly we have, from (3.4), 
aij = 0. These are six equations for the two unknowns (74. So we obtain 
additional relations amongst stresses which give the conditions on stress 
tensor necessary for the existence of such a surface. 
IV. PROPAGATION AND GROWTH OF WAVES 
As noted the wave fronts do not separate into types in the general case. 
The equation of growth, though obtainable for arbitrary state ahead, will 
contain variables ahead and also tangential derivatives. The integration of 
such an equation for arbitrary orientation of x (t) and arbitrary state ahead 
(t& (vi) is difficult. S o in this part we assume that the medium in front 
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is at rest and stress free. We note, for further reference, the following sim- 
plified results following from this assumption 
-G5 fpq = 0, --G&j = Wij + P(W, + ~4, (4.la) 
PG% = (A + 24 7, pG2qy = ~rlv (4.lb) 
The waves thus separate, giving the same nature and velocities as in linear 
elasticity. To obtain the equation for growth we introduce the following 
notations to denote the jumps in second derivatives: 
[hj.kl] lZknz = tij, [vi.jk] vk = ?i, b,ijl %% = 1. (4.2) 
Differentiating (2.1), (2.2), and (2.3) with respect to (x,) and multiplying 
by n9, we obtain, by the use of second order compatibility conditions [6], 
the following equations: 
@ - 77~ = $ + X1- 2.Qv + ~“.a, (4.3) 
where 
(4.W 
f$p, - Ggi = (A + 2/.~ - pG2) ;ini + (/A - pG2) +jaxiGI. 
The equations of growth follow immediately from (4.6). 
(4.6) 
Shear Wave 
Now p = p@ and so multiply (4.6) by 71~ to obtain, on using 7 = 0, 
fijnt7i = G&7<* (4.7) 
Let w2 = 7iqi = 7~~ be defined as the strength of the wave. We use the 
following results from the differential geometry [6]: 
%.ct = -gp?‘bagxi,,, g@b,, = 2Q, (4.8) 
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where Q is the mean curvature and b,, is the second fundamental form for 
the surface z(t). 
Then (4.7) simplifies to 
dwldn = oQ, (4.9) 
where n is the distance measured normal to 2 (t) with G = dn/dt. This is 
the equation of growth of a wave, both dilatational and shear waves, in linear 
elasticity [6]. Since now G is constant, (an, 1 at) = 0 and so the z(t) for 
different times forms a system of parallel surfaces. This equation has already 
been discussed; the wave, in general, is damped out. 
Dilatational Wave 
We now have pG2 = h + 2p, qa = 0, Q = qn,. Also we get 
-Gfij = (AS, + 2pnini) 1, fii = -a,Gq, a,, = (3h + 2p)/(h + 2~). 
(4.10) 
Multiplying (4.6) by (ni) and using nixia = 0, we get 
fiininj = Ggp,. (4.11) 
After some simplifications, this reduces, as before, to 
(4.12) 
where 
For a plane wave Q = 0 and so we get, with 7 = 7, for n = 0, 
I 
-1 - - y;l- (F/2G) n. (4.13a) 
For a spherical front, JJ = (-l/R) an d so we get, with 7 = Q, for R = R,,, 
R F R ,,-lzRrlol-ERRog R . 
0 ( > 0 
For a general surface, since G is constant, we take [6] 
This gives 
Q= 
Q, - K,n 
1 - 2Q,n + K,n2 ’ 
(4.13b) 
1 1 F 12 dn -= -- 
I lo 2/l - 252,n + Kon2 2G s 
(4.13c) 
o ~‘1 - Zn,n + Kon2 * 
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For a compressive wave Q, < 0 and for a rarefaction wave q,, > 0. So 
from (4.13) we see that a compressive wave terminates into a “shock” if 
F < 0, while for positive F it is damped out. The converse is true for a rare- 
faction wave. The requirement that only a compressive wave can terminate 
into a shock imposes a restriction on the material constants. 
It is finally wothwhile to note one point; the constitutive equations we 
have taken are of a particular subtype from the general equations. If in the 
general equations we can assume that the coefficients that occcur, being 
functions of invariants of stresses, are further analytic, their expansion in 
power series is always justified. The equations we have used may be taken to 
be the ones from these obtained by retaining terms up to quadratic in stresses. 
But for the problem of wave propagation into a body at rest and stress free, 
any terms quadratic in stresses do not contribute anything at all. The growth 
equation for one of grade one and the following ones is the same as that we 
have obtained. 
It is well-known that the equations describe plastic deformation as well. 
The infinite velocity in plastic flow is interpreted as fracture [6,8]. A “natural” 
interpretation of “shock” in solid mechanics is fracture. Thus we see that 
the moving wave, if dilatational, can cause fracture. 
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